The static and dynamic properties of the two-dimensional classic system of two-species interacting charged particles in a parabolic trap are studied. The ground state energy and configuration for different kinds of binary systems are obtained by Monte Carlo simulation and Newton optimization. The spectrum and normal modes vectors can be gained by diagonalizing the dynamical matrix of the system. It is found that the total particle number, particle number and mass-to-charge ratio of each species are decisive factors for the system structure and spectrum. The three intrinsic normal modes of single species Coulomb clusters are inherent, concluded from our numerical simulations and analytical results.
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In recent years, there has been considerable theoretical and experimental progress in the study of twodimensional (2D) classic systems consisting of a finite number of charged particles which are confined in an artificial circular symmetric potential. This is due to the wide applicability of such theoretical 2D models to real physical systems. The typical experimental systems for this model are electrons on the surface of liquid helium, [1] electrons in quantum dots, [2] colloidal suspensions [3, 4] and in confined plasma crystals. [5, 6] Most of such studies focus on systems with an external parabolic confinement, [7−11] which is similar to the action of a uniform neutralizing background of charges. For such systems, the ground-state (GS) configurations, metastable states, spectral properties and the melting transition have also been investigated, and plenty of useful regularities have been obtained. At the same time, other types of confinement have also been considered. [12−16] Very recently, there has been increasing interest in theoretical and experimental studies of finite systems with two types of charged particles. Nelissen et al. [17] studied the ground states of the binary system containing one or two impurities with different charge and mass based on experimental result. [18] The GS structure and the normal modes for binary system are also studied by Ferreira et al. [19] However, the spectrum for the system of species with different mass they obtained is inaccurate and we give a correction in this study. There have been experimental works on systems with different kinds of particles. [20, 21] A recent work extended the system from binary to multi-species systems. [22] In this Letter, we extend the work of Refs. [19, 22] . GS configurations and spectrum properties for various binary clusters are investigated systematically.
The system we study consists of charged particles interacting through the 1/ potential, namely the long-range Coulomb potential. The negative charged particles can be classified into two kinds, with each having the same charge ( ) and mass ( ) ( = 1, 2; = 1, . . . , ).
The potential energy of such system is given by
where 0 is constant trapping frequency, the dielectric constant of the medium the particles are moving in, and = ( , ) the position of the particle with ≡ | |. The first term in the above expression of indicates the parabolic external confinement, and the other term shows the repulsive potential between the charged particles. Dimensionless potential energy can be obtained if we introduce the characteristic scales in the expression. It is convenient to choose the mass and the charge of the first species (when = 1) as the unit of mass and charge, namely 0 =
(1) and 0 = (1) , and also 0 = (2 The two adjustable parameters ( ) and ( ) are the dimensionless mass (
) for the particles of species , respectively. As a result, (1) = 1 and
investigate the combined effect of these two parameters, the species mass-to-charge ratio is introduced as
Thus (1) = 1, and here we mainly focus on the impact of the parameter (2) working on the ground state configuration and the mode spectrum of different kinds of binary systems. (Colour online) Distance of each particle away from the centre of the confinement as a function of (2) for the 18-particle system (6,12) with (2) varying from 0.1-4.0. The red dots present positions of particles with (1) and blue circles correspond to species of (2) .
To obtain the ground state properties, the Monte Carlo simulation technique and the modified Newton technique are used according to the method in Ref. [8] . Typical GS configurations for studied binary systems are shown in Fig. 1 . It is obvious that the species with (1) (red dots) and the species with (2) (blue circles) tend to form their own shell. Observing the change of configurations in Figs. 1(a)-1(d) as (2) increases, the positions of the blue-circle particles vary from the outer to the centre part of the system, while those of the red-dot particles vary in the opposite way. This shows that the particles with the larger mass-tocharge ratio prefer to stay in the centre. These results are consistent with those in the work of Liu et al. [22] Furthermore, we find that the structures of Figs. 1(c) and 1(d) are almost the same in spite of the distance between the two species. This indicates that a steady configuration appears when (2) is large enough. Such a phenomenon also happens in Figs. 1(g) and 1(h). To make it clearer, the position of each particle as a function of (2) for system with (1) = 6, (2) = 12 is presented in Fig. 2 . As is shown, the distribution of the particles becomes similar after (2) = 1.8. At the same time, the distance of particles in the outer shell away from the centre when (2) > 1.8 can be assumed to be a fixed value which deviates very little from the one when (2) = 1, namely the monodisperse system. Here (2) = 1.8 is a critical point.
In fact, for all our studied systems, such critical point always appears around (2) = 2.0. On top of this, we can construct different steady shell structures by varying the proportion of each species on the premise that the value of (2) > 2.0. The finding of the critical point (2) = 2.0 is very useful for the binary systems even for the multi-species systems, [22] which could be of guidance to the relevant experiments in complex plasma.
Then consider the normal modes of the studied system. The eigenmode frequencies and eigenvectors can be obtained by the diagonalization of the dynamical matrix in Eq. (3), where { , } is the ground state configuration. The eigenfrequencies in this study are expressed in units of
This method is also adopted from the work of Schweigert and Peeters. 
It is known that there are three inherent eigenfrequencies among the 2 normal modes for anparticle single-species system: [8] (i) = 0, whole system rotating; (ii) = √ 2 = 1.4142, a twofold degenerate c.m. mode; (iii) = √ 6, a breathing mode 045204-2 corresponds to a vibration of the mean square radius −1 ∑︀ ( 2 + 2 ). These three frequencies are independent of the number of particles for particles confined in a parabolic potential and interacting through Coulomb force. This conclusion can be validated by the analytical results in Ref. [9] .
Here for a binary system, we find that the three eigenfrequencies are still intrinsic when particles are confined in a parabolic trap repulsing each other by Coulomb force.
This law is independent of , ( ) , ( ) and is also applied to multi-species systems which can be obtained by simulation results and deduced by analytical process. Fig. 3 . Spectrum for systems with 10( (1) = 5, (2) = 5) particles as a function of (2) .
In the following, we analytically deduce the three eigenfrequencies which are independent of , ( ) , ( ) for multi-species system confined in a parabolic trap.
(1) For any axial symmetric system, the system can rotate as a whole, which leads to an eigenfrequency = 0.
(2) Using
and
we can obtain
The centre of mass for multi-species system is = ∑︀ / ∑︀ . In each direction, the centre of mass is = ∑︀ / ∑︀ , which satisfies the
∑︀ .
(7) Thus only when = 2, i.e. for a parabolic confinement, Eq. (7) can be reduced to
Thus a twofold vibration of the centre of mass with eigenfrequency = √ 2 is obtained. Notice that this frequency is independent of , ( ) , ( ) , ( ) in Eqs. (7) and (8). The particle interaction cannot affect the result as the frequency is independent of ′ as well. The outcome is the same while changing the interaction form to be exp (− )/ ′ .
(3) The mean square radius for multi-species system is
Combining with Eq. (6), we find
with corresponding to Eq. (4) and = ∑︀ (˙2 +˙2). For parabolic confinement, i.e. = 2, there is a breathing mode with frequency = √︀ 2(2 + ′ ) which is also independent of , ( ) , ( ) , ( ) . When ′ = 1, i.e. particles interacting through Coulomb force, the breathing mode frequency = √ 6. In previous work, [19] Ferreira and his co-workers considered the normal modes for two-species clusters. In order to compare with their results, we simulate the system according to the parameters given in Fig. 11(a) of their work. [19] Our result of the system spectrum as function of (2) is shown in Fig. 3 . Comparing our result of Fig. 3 with Fig. 11(a) in Ref. [19] , the most obvious difference is that the three typical eigenfrequencies do not exist in their figure which is not correct as the three modes are also the analytical results. Actually, the inaccuracy of their work comes from their neglect of the mass effect in the dynamical matrix. For single systems, the mass can be put in the dimensionless value as = 1( = 1, . . . , ). However, for the multi-species systems containing particles with different mass, the contribution of mass to the dynamical matrix cannot be ignored, see Eq. (3). The result of Ferreira comes from the dynamical matrix without the mass influence in the 045204-3 denominator which is not appropriate for the studied binary systems.
Concerning the three inherent normal modes in Fig. 3 , the corresponding vectors of (5, 5) system with (2) = 1.5 are illustrated in Fig. 4 . The figure of vec1 is the vector of whole-rotating mode with = 0. The vec7 and vec8 correspond to the two-fold mass modes and vec15 presents the breathing mode. Moreover, the spectrum shows a softened tendency as (2) > 1 in Fig. 3 . This result is in good agreement with the structural transition of the GS configurations, as shown in Figs. 1 and 2 . At the same time, the eigenfrequencies tend to be close and degenerate into five regions when (2) > 2. Actually, the structures of such systems are similar, thus the spectrum tends to be degenerate. This fact indicates the determination effect of the structure on the corresponding spectrum.
In summary, the impacts of parameters , ( ) , ( ) on the structure and spectrum of binary systems are systematically investigated. Among these parameters, (2) is particularly discussed. For all the studied binary systems, structures of (2) > 2 keep the shape of a steady shell configuration with little change in inner shell position while the location of the outer shell is similar to the corresponding monodisperse system. The finding of the critical point (2) = 2 is probably used to speculate the unknown system and construct the expected shell structure in the relevant experiments. Concerning the system spectrum, three intrinsic normal modes are found by simulation and analytical process respectively. The softened tendency of spectrum when (2) > 1 and the degenerate tendency of spectrum when (2) > 2 supports the fact that the structure determines the dynamic properties of the classic system.
Part of the calculations were performed at the Center for Computational Science of CASHIPS and the Shanghai Supercomputer Center.
